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SUMMARY

A sampling strategy based on a scheme of partial replacement has been
considered for estimating the population ratio on second occasion. The .
proposed strategy has been compared with those of Tripathi and Sinha

(5], Rao [3], Rao and Pereira [4] and with other sampling strategies. .
The values of optimum matched proportion has been tabulatedand an - .
empirical study is made to study the relative performance of the proposed -
strategy compared to some other strategies. - .

1. INTRODUCTION

In practice, we need the estimates for ratio R =Y,/X,
=Y,/X, (h=1,. 2......) of population means (or totals) of two
characters y and X, on successive occasions.

Let Do denote the sampling procedure of drawing independent
samples on both the occasions, using simple random sampling without
replacement (SRSWOR), and D; of retaining ‘the entire sample
on the second occasion drawn at the first occasion. A simplest type
of sampling strategy for R, may be given by (Dq, #;), where

W B ERY

Voo and X, are the sample means (sample of sizc n) of y and x
respectively on A-th occasion. Rao [3] and Rao and Pereira [4]
considered the sampling strategies (D1, ;) and (Dy, rs) respectively
where

A

=(rz/r1) Ry and rp= rary/Ry. ..(1.2)

Tripathi and Sinha.[5] considered a sampling strategy (Da, R;)
for R, which does not require the knowledge on R; where the
sampling scheme Da is snmlar to that given by Kulldorff [2] and
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Ghangurde and Rao [1] and £} is the cstimator for R; defined as

' 1@;=_W*]§;m+(I—W*) Ron o ..(1.3)
Yem—b (J1m—Y1n) 5. Vo,
where Rom = e b* (em— %) and Rzu_i‘zu

are the ‘regression-type ratio estimator’ for R, based on the matched
sample 51 of m units from the sample s of » units drawn at the first
occasion and the usual ratio estimator for Ra based on the replaced
(unmatched) sample sy of u units from the (N—n) units in the popu-
lation not included in s respectively.

The estimator Rj,,, for R,, based on matched portion, suffers
from a weakness that to estimate Y, in Ra, it utilizes information
only on y; (in addition to y.), and to estimate X, only on x
(in addition to x2) ; while the information on both the characters

y and x on previous occasion may in fact be used to estimate both of
Y: and X,.

'_In this paper we use information y; and x; both to estimate
Y,, X; in setting up estimator for Rs based on matched portion and

study the properties of proposed sampling strategy. We also
compare it with other sampling strategies.

2. SAMPLING STRATEGY UNDER CONSIDERATION

Let Cx () and Ch (x) denote the coefficient of variation of Va

" and x, respectively and p,;, (», x) denote the correlation coefficient

between y, and x,,(h, k'=1, 2). We consider the sampling strategy
for R; as (Da, 1@2) where

= WiRom =+ WaRs,, : -(2.1)

s Vom— byzyl . (j’-nn — ym) — b”n"’l.’ﬁ (J—Clm — fln)

Rom=— — =
Xom™— bmzyl-zl (y]_'m _‘yln) — bmzm1 A (xlm —‘xln)

and Rs,, defined in (1°3) being the estimators for R, based on the
matched portion and unmatched portion respectively, W; and W, the
constants such that Wi+ Wo=1 and 2’s are the partial regression
coefficients based on the matched sample.
3. MEAN SQUARE ERROR (MSE) OF THE SAMPLING STRATEGY
Assuming | (¥2u—X3)/X2 | <1, the MSE of R;,, to the terms
o(u™), is given by
. 1 1 -
MR u) =R2(———'—') .
(R2 2 ” N A (3.1)

where Jo=C%(»)--CZ (¥)—2ps (3, ) Ca () Cs ().

Y Y
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Let | (Q*“Xz)/Xz | < | where Q% is the denominator of j 2 -
The MSE of Ry, to the terms 0(m™1), is given by

R P A

where

Ju,2y=qu C% (J’)+2Q12C2 (y) Ce (x)+422C22 (x)
with ‘
gu=1—q [¢} (3, )+ (v, ) —2p11 (¥, %) p2a (¥, %) P12 (¥, 1]
goa=1—q [6% (7, %)+62; (X, X)—2p11 (¥, X) P12 (7, %) P12 (x, X)]
gsa=—[pz ( ¥+ {e11 (v, %) p21 (7, ) prz (7, X)+ P11 (3, %)

e12 (3, 3) P12 (%, X)—pm (¥, %) pra (x, X)—p12 (», x) P12 (¥, M1

and q=[‘I—Pf1' (y; )] 1. '

Using the optimum weights in (2'I) the resulting MSE of 3,
with large sample approximation, is given by

Mo +(I—MNJqa, 9y —wf [Ma+(1— I, )l —fATa+f2aud
M (1) (1= 2 —2afT,

My (Re) =Ry
. .(3.3)
where A=m/n, w=ufn and f=n/N.
If u=n—m, and if the sampling fraction f 1s ignored, then
Mt (1—NJa. 2
A Q=ML+ (1—-2)a, 2 -~ (3.4)

where A will now be called as matched proportion of the sample at
second occasion.

M, (Ry) = Jz

4. OPTIMUM MATCHED PROPORTION AND OPTIMUM MSE
It may be shown that in general J: 2> Ju,2) > 0. Further,
from (3, 4), o
if  Ja=Jg, 2 then Mo (R,)=(1/n)RZ J; : -(4.1)
We see that in such a case A does not play any role in reducmg
the MSE.

- Incase Ja> Ju, 9. >0, the optimum value of A (0<a<l),
which minimizes' My (R,), defined in (3, 4), is given by

=VILollViia + VL] «.(4.2)
and. then the resultmg minimum MSE is given by

My, (R)=(1/20) R% (Uy+ v/ T 2)- | .43
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- If C2 ()=Cs (x), the optimum A would depend only upon
various correlation coefficients. Im such a case one may tabulate the
values of Aq for various given values of correlation coefficients alone.
To have a picture of Ao and to make certain othel specific studies we
shall now assume that .
C.(0)=Ce (x)=Cs; p12 (¥, Y)=p12 (x, X)=rq - (4.4) "
p1z (7, X)=pa1 (¥, X)=p11 (¥, X)=paz (¥, X)=p1 ‘
, Under (4'4), we have .
J2=2C§ (l—p1); J(l 2)=2C2 (I —po) [(1-pg)— 2p:]/(1 —p1) .--(4.3)

M=V (- Fo) 2p1 (1_90)/['\/ (1+—p2)—2p1 (1—¢)
+(1—p1)], (pa=p1) ..-(4.6)
M (B)=In) RECZ[(1—p))+ v (1—g5) =201 (1 —pp)l.  ...(4.7)

‘It may be noted that if p1=py=p (say), then, Jz—J(l,g,—2C
(1—g) in which cass, from (4.1), we have that

M, (R,)=2 (1/n) R5CZ (1~¢). - ...(4.8) %

" The values of Ay in (4.6) for various values of g; and p; have |
been given in Table 4.1 (given at the end of the paper) 4
5. REMARKS ABoﬁf TABLE 4.1 }

= (i) From (4.8), we note that M, (Rs) does not depend on A at |
~all, in case-pp=py. The mark (x) in the Table, at all the entries on .
the diagonal of (pg, €1), shows this situation.

dat all and:J;=0.. This situation is, obviously, to be excluded from -
the Table,

(uz) From (4. 5) we mnote that Jg, 5p=0 iff p0=l or if
po=2pl 1, the situation which we have excluded in obtaining

(ii) From (4.5), we note that if p1=1, then J, 2)‘is not defined _4
optnnum A.. The mark (xx) in the Table depicts such situations. i

(lv) From (4.5), we note that if pg<2¢;—1 then J1, 29<0 which
is not possible. This in fact indicates that such choices of p, and py
would~be inconsistent..” The asterik (*) in ‘the bddy of the Table
reflects such situations. ) )

. (v) Noting that v/ J, >V Js, 2, 2, from (4.2) we find that A, < 1/2.
Th1s fact is reflected from the _bady of the Table also for all possible
choices of ¢q and p;. We also note, from the Table, that 20>0.23
for all possible (g, ). Tl

P St
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6. COMPARISON WITH OTHER SAMPLING STRATEGIES

In this section we shall compare. (Da, R), proposed by us, with
(D1, R)s (Do,ry), (D1, 1), and (Ds, ) which are defined in
section I, and with some other sampling strategies for R..

() It may be shown, to our order of approximation, that

which will further imply that
Mo (R2)<Mﬂ (jé.;.)' -.-(5.2)

(i) We note that if u=n—m and if f is ignored and if
A=m/n=0 (no matching) or if A=1 (complete matching_), then

My (Re)rmo=My (Ry ae1=(1/n) RS Jo=M(rs)=M(F;) .. (5.3)

where ra and #; are defined in (1.2) and (1.1) respectively. Wenotethat
Jo>2J(1,2) 0. From (3.4) and (5.3) we find that in case J2>>Ji1,2>0,
the sampling strategy (D1, R,) of partial replacement (0<a<1) wlll
be better than those of complete matching. (z=1) and complete
replacement (A=0),

(ift') For large sample sizes we shall have
M(P)=(1/n) R} 1—f) [J2+J1—2L] (5.4)

and

M(r)=(1/n) R (1—f) o+ J1+2L] ...(5.5)
where

Li=Ci (N+C} () —2m 7, ¥) C, () G, () (h=1,2)
L=Cya (y, y)+Cra (x, x)— Ciz (¥, X)—Ca1 (y, x)
Caw @5 X)=03,, (, %) C, (¥) Cp (%), (h, h'=1, 2) etc.
and #, and r, are defined in (1.2).

Let Ca (5)=C. (), C: ()=C (). .(5.6)

In case f is ignored, then under the assumptions (4.4) and (5.6),
it can be shown from (5.4), (5.5) and 3.4) that

| M, (R)<M(Py)
if 3 (1—=00)* [2 (1—p0) (2—=2) = (1—1)]

+(1—=pg) (T-pe—2p1) (1=2) [2 (1—p0) (I—N)—(1—p)]>0 ..(5.7)
which is always satisficd if A<(I+p;—2¢,)/2 (I—p,) and

M (’:2)> MO (R2)3=0> Mo (ﬁa)), lﬁ‘ Po>(391— 1)/2
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considered which are common to both, census 1951 and census 1961,
lists and which are shown as inhabited). The characters x; and x; are
numbers of houses for 1951 and 1961 respectively and the characters
1 bnd y, are number of literate persons for 195] and 1961 respec-
tlvely For this population we obtained

£,=383696  Cy (0)=1.3916  p1 (x,x)=0.7990 B
X,=50.4321  C,(x)=1.0585 ¢ (y,»)=05392 -
Y.=304321 Gy (»)=2.2129 oy (y,x)=0.9187
Y,=42.5761  Cp(»)=1.5048 g1 (y, X)=0.7028
oar (3, X)=0.5471,  pa (3, x)=0.7952.
Using- the above values of the paramefe_rs we obtained

J>,=0.8517, J1=1.1752, Ja, =0.8013 _
[ 0.8167 +0.0350_ 0.8517

m n -
Using the relations (3.2), (4.2) and (4.3) we get

A 0.8013 0.0504  0.8517 7
A R

=0.4924, My (Ro)=(1/n) B3 (0.8389).
Usmg (5.9),.(5.10), (5.4) and (5.5) we obtain

M (Rsp) = RS

M (R(l) [— 1.6659 0 8142 Q. 8517
L m n
2.3879 1.5362 0.8517 ]
My — p2| 22 _ _
Mg —rg[ 22 ’ 2] |
m¢y=ry( L L) (1e659), | A

M(;z)=R§(—;-— . ]17) (2.3879).
From the above expressions we find-that
M (Rom )< M (Rom)<M (RS2 <M (RS )
which will further imply that
M,y (Ry) <M, (R2)<Mo( A“))<Mo (RP). 4
Further ignoring the terms involving 1/N and using (5.3) and (4.3),
we find that
Mo (-Rz)QM (R2)0<>«<1 < M, (Rz)a 0= Mo (RZ)A—-I

= M (r)=M ()= 71— RS (0.851T)< M (P) <M (rs).
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